1. Introduction {#sec1}
===============

The solutions of the relativistic and non-relativistic quantum mechanical wave equations with various physical potentials have been regarded as an important area of research studies in quantum mechanics. Thus, the exact solutions of the wave equation with the various potential models have attracted much attention from many authors since they contain all the necessary information to study the quantum models. It is well known that there are various traditional techniques used to solve the relativistic and non-relativistic wave equations with the various quantum potential models \[[@bib1], [@bib2], [@bib3], [@bib4], [@bib5], [@bib6], [@bib7], [@bib8]\]. These techniques include asymptotic iteration method \[[@bib9], [@bib10], [@bib11]\], supersymmetric approach \[[@bib12], [@bib13], [@bib14], [@bib15]\], factorization method \[[@bib16], [@bib17]\], Nikiforov-Uvarov method \[[@bib18], [@bib19], [@bib20]\], exact/proper quantization rule [@bib21], 1/N shifted expansion method [@bib22]. Recently, Tezcan and Sever [@bib23], developed parametric Nikiforov-Uvarov method from the conventional Nikiforv-Uvarov method. This method has been widely used because of its simplicity and accuracy. However, there are only few potentials that can be exactly solved for in three-dimensional space such as Coulomb and Harmonic potentials. Consequently, if we intend to use analytical techniques, the use of approximation schemes is inevitable. The choice of approximation scheme employed depends on the potential type under consideration. In this study, our aim is to investigate the three dimensional space of the Schrӧdinger equation with Attractive radial potential. The Attractive radial potential was introduced in 1993 by Williams and Poulios [@bib24] as a four parameters exponential-type potential. This potential has received attention in the relativistic regime. For instance, Zou *et al.* [@bib25], investigated the s-wave solutions of the Dirac equation with the Attractive radial potential; Eshghi and Hamzavi [@bib26], studied symmetry in Dirac-Attractive radial problem and tensor potential. Recently, Ikot *et al.* [@bib27], studied the symmetry limit of the Dirac equation with Attractive radial potential in the presence of Yukawa-like tensor potential. To the best of our knowledge, the Attractive radial potential has not receive any report in the non-relativistic regime. Thus, the motivation for this study. The Attractive radial potential is given as [@bib24].$$V\left( r \right) = \frac{A\text{e}^{- 2\alpha r} + B + C\text{e}^{2\alpha r}}{\text{e}^{2\alpha r}\left( {1 - \text{e}^{- 2\alpha r}} \right)^{2}},$$where $A = \frac{\alpha^{2}}{4}$, $B = A\left( {\lambda - 8} \right)$ and $C = A\left( {4 - \lambda} \right).$ The parameter $\alpha$ and $A$ are real and $\alpha > \frac{1}{2},$ $4 < \lambda < 8$. Obviously, the results of other useful potential can be obtained from the results of Attractive radial potential as will be seen later.

2. Theory/calculation {#sec2}
=====================

2.1. Bound state solution {#sec2.1}
-------------------------

In a spherical potential model $V\left( r \right),$ the time independent Schrödinger equation is given by \[[@bib28], [@bib29], [@bib30], [@bib31], [@bib32], [@bib33]\].$$\left\lbrack {\frac{- \hslash^{2}\nabla^{2}}{2\mu} + V\left( r \right)} \right\rbrack\psi_{n\ell m}\left( r,\theta,\phi \right) = E_{nk}\psi_{n\ell m}\left( r,\theta,\phi \right),$$where $\ell$ and $n$ are orbital angular momentum and radial quantum number respectively, $\psi_{n\ell m}\left( r,\theta,\phi \right)$ is the wave function, $\mu$ and $\hslash$ are reduced mass and Planck constant respectively, $r$ is the internuclear separation and $E_{n\ell}$ is the non-relativistic energy. Setting the wave function $\psi_{n\ell m}\left( r,\theta,\phi \right) = \frac{R_{n\ell}\left( r \right)Y_{\ell m}\left( \theta,\phi \right)}{r}$ and substituting [Eq. (1)](#fd1){ref-type="disp-formula"} into [Eq. (2)](#fd2){ref-type="disp-formula"}, we have$$\left\lbrack {\frac{d^{2}}{dr^{2}} + \frac{2\mu}{\hslash^{2}}\left( {E_{nk} - \frac{A\text{e}^{- 2\alpha r} + B + C\text{e}^{2\alpha r}}{\text{e}^{2\alpha r}\left( {1 - \text{e}^{- 2\alpha r}} \right)^{2}} - \frac{\hslash^{2}\ell\left( \ell + 1 \right)}{2\mu r^{2}}} \right)} \right\rbrack R_{n\ell}\left( r \right) = 0.$$

[Eq. (3)](#fd3){ref-type="disp-formula"} cannot be solved for $\ell = 0$ because of the centrifugal term. Thus, we must apply an approximation scheme to deal with the centrifugal term. It is found that such approximation suggested by Greene and Aldrich is a good approximation to the centrifugal term $\frac{1}{r^{2}}.$ For a short range potential, the following Greene-Aldrich approximation [@bib34].$$\frac{\ell\left( \ell + 1 \right)}{r^{2}} = \frac{4\ell\left( \ell + 1 \right)\alpha^{2}e^{- 2\alpha r}}{\left( {1 - e^{- 2\alpha r}} \right)^{2}},$$is valid for $\alpha < < 1$. Now, substituting [Eq. (4)](#fd4){ref-type="disp-formula"} into [Eq. (3)](#fd3){ref-type="disp-formula"} we have$$\left\lbrack {\frac{d^{2}}{dr^{2}} + \frac{2\mu}{\hslash^{2}}\left( {E_{nk} - \frac{A\text{e}^{- 2\alpha r} + B + C\text{e}^{2\alpha r}}{\text{e}^{2\alpha r}\left( {1 - \text{e}^{- 2\alpha r}} \right)^{2}} - \frac{2\ell\left( \ell + 1 \right)\alpha^{2}\hslash^{2}e^{- 2\alpha r}}{\mu\left( {1 - e^{- 2\alpha r}} \right)^{2}}} \right)} \right\rbrack R_{n\ell}\left( r \right) = 0,$$

To solve [Eq. (5)](#fd5){ref-type="disp-formula"} using the powerful parametric Nikiforov-Uvarov method, let us consider a second order differential equation of the form:$$\left( {\frac{d^{2}}{dr^{2}} + \frac{\alpha_{1} - \alpha_{2}}{s\left( 1 - \alpha_{3}s \right)}\frac{d}{ds} + \frac{- \xi_{1}s^{2} + \xi_{2}s - \xi_{3}}{{s^{2}\left( 1 - \alpha_{3}s \right)}^{2}}} \right)\psi\left( s \right) = 0.$$

According to parametric Nikiforov-Uvarov method, the condition for eigenvalues and eigenfunction are respectively [@bib23].$$n\alpha_{2} - \left( {2n + 1} \right)\alpha_{5} + \alpha_{7} + 2\alpha_{3}\alpha_{8} + n\left( {n - 1} \right)\alpha_{3} + \left( {2n + 1} \right)\sqrt{\alpha_{9}} + \left( {2\sqrt{\alpha_{9}} + \alpha_{3}\left( {2n + 1} \right)} \right)\sqrt{\alpha_{8}} = 0,$$$$\psi_{n,\ell}\left( s \right) = N_{n,\ell}s^{\alpha_{12}}\left( {1 - \alpha_{3}s} \right)^{- \alpha_{12} - \frac{\alpha_{13}}{\alpha_{3}}} \times P_{n}^{({\alpha_{10} - 1,\frac{\alpha_{11}}{\alpha_{3}} - \alpha_{10} - 1})}\left( {1 - 2\alpha_{3}s} \right),$$$$\left. \begin{array}{l}
{\alpha_{4} = \frac{1 - \alpha_{1}}{2},\alpha_{5} = \frac{\alpha_{2} - 2\alpha_{3}}{2},\alpha_{6} = \alpha_{5}^{2} + \xi_{1},\alpha_{7} = 2\alpha_{4}\alpha_{5} - \xi_{2},} \\
{\alpha_{8} = \alpha_{4}^{2} + \xi_{3},\alpha_{9} = \alpha_{3}\left( {\alpha_{7} + \alpha_{3}\alpha_{8}} \right) + \alpha_{6},\alpha_{10} = \alpha_{1} + 2\alpha_{4} + 2\sqrt{\alpha_{8}},} \\
{\alpha_{11} = \alpha_{2} - 2\alpha_{5} + 2\left( {\sqrt{\alpha_{9}} + \alpha_{3}\sqrt{\alpha_{8}}} \right),} \\
{\alpha_{12} = \alpha_{4} + \sqrt{\alpha_{8}},\alpha_{13} = \alpha_{5} - \left( {\sqrt{\alpha_{9}} + \alpha_{3}\sqrt{\alpha_{8}}} \right)} \\
\end{array} \right\}.$$

The parameters in Eqs. [(7)](#fd7){ref-type="disp-formula"} and [(8)](#fd8){ref-type="disp-formula"} and obtain using the relationships in [Eq. (9)](#fd9){ref-type="disp-formula"}. To obtain the solution of [Eq. (5)](#fd5){ref-type="disp-formula"}, we defining a variable of the form $y = e^{- 2\alpha r}$ and substitute it into [Eq. (5)](#fd5){ref-type="disp-formula"} to have$$\left\lbrack {\frac{d^{2}}{dy^{2}} + \frac{1 - y}{y\left( 1 - y \right)}\frac{d}{dy} + \frac{Py^{2} + Qy + T}{\left\lbrack {y\left( 1 - y \right)} \right\rbrack^{2}}} \right\rbrack R_{n\ell}\left( y \right) = 0$$where$$P = \frac{\mu A + \mu E_{n\ell}}{2\alpha^{2}\hslash^{2}},$$$$- Q = \frac{\mu B + 2\mu E_{n\ell}}{2\alpha^{2}\hslash^{2}} + \ell\left( \ell + 1 \right)\text{,}$$$$T = \frac{- \mu C + \mu E_{n\ell}}{2\alpha^{2}\hslash^{2}}\text{.}$$

Eqs. [(11)](#fd11){ref-type="disp-formula"}, [(12)](#fd12){ref-type="disp-formula"}, and [(13)](#fd13){ref-type="disp-formula"} are parts of [Eq. (10)](#fd10){ref-type="disp-formula"}. Comparing [Eq. (10)](#fd10){ref-type="disp-formula"} with [Eq. (6)](#fd6){ref-type="disp-formula"}, we have$$\left. \begin{array}{l}
{\alpha_{1} = \alpha_{2} = \alpha_{3} = 1,\alpha_{4} = 1 - \alpha_{3},\alpha_{5} = - \frac{\alpha_{2}}{2},\alpha_{6} = \frac{1}{4} - P,\alpha_{7} = Q,\alpha_{8} = - T,\alpha_{9} = \frac{1}{4} + \frac{\mu\left( C + B - A \right)}{2\alpha^{2}\hslash^{2}} + \ell\left( \ell + 1 \right),} \\
{\alpha_{10} = 1 + 2\sqrt{- T},\alpha_{11} = \sqrt{\left( {1 + 2\ell} \right)^{2} + \frac{2\mu\left( C + B - A \right)}{\alpha^{2}\hslash^{2}}} + \alpha_{10} + 1,\alpha_{12} = \sqrt{- T},} \\
{\alpha_{13} = - \frac{1}{2}\left( {\sqrt{\left( {1 + 2\ell} \right)^{2} + \frac{2\mu\left( C + B - A \right)}{\alpha^{2}\hslash^{2}}} + \alpha_{10}} \right)} \\
\end{array} \right\}.$$

Substituting [Eq. (14)](#fd14){ref-type="disp-formula"} into Eqs. [(7)](#fd7){ref-type="disp-formula"} and [(8)](#fd8){ref-type="disp-formula"}, we have the energy equation and the corresponding wave function respectively as$$E_{n\ell} = C - \frac{2\alpha^{2}\hslash^{2}}{\mu}\left\lbrack \frac{n\left( n + 1 \right) + \ell\left( \ell + 1 \right) + \frac{1}{2}\left( {1 + \frac{\mu B + 2\mu C}{\alpha^{2}\hslash^{2}}} \right) + \sqrt{\left( {1 + 2\ell} \right)^{2} + \frac{2\mu\left( C + B - A \right)}{\alpha^{2}\hslash^{2}}}\left( {n + \frac{1}{2}} \right)}{1 + 2n + \sqrt{\left( {1 + 2\ell} \right)^{2} + \frac{2\mu\left( C + B - A \right)}{\alpha^{2}\hslash^{2}}}} \right\rbrack^{2}.$$$$R_{n,\ell}\left( y \right) = N_{n,\ell}y^{\sqrt{- T}}\left( {1 - y} \right)^{\frac{1}{2} + \frac{1}{2}\sqrt{{({1 + 2\ell})}^{2} + \frac{2\mu{(C + B - A)}}{\alpha^{2}\hslash^{2}}}} \times P_{n}^{({2\sqrt{- T},\sqrt{{({1 + 2\ell})}^{2} + \frac{2\mu{(C + B - A)}}{\alpha^{2}\hslash^{2}}}})}\left( {1 - 2y} \right),$$

2.2. Some theoretic quantities and the Coulomb-Hulthen-Pöschl-Teller potential (CHPT) {#sec2.2}
-------------------------------------------------------------------------------------

In this section, we calculate the Information energy, Tsallis entropy and Rényi entropy using the probability density obtained from the normalized radial wave function given in [Eq. (16)](#fd16){ref-type="disp-formula"}. To begin, we first calculate the normalized wave function. Given the radial wave function as$$\left\lbrack {R_{n\ell}\left( y \right)} \right\rbrack^{2} = N_{n\ell}^{2}y^{2a}\left( {1 - y} \right)^{2b}\left\lbrack {P_{n}^{({2a,b})}\left( {1 - 2y} \right)} \right\rbrack^{2}.\ y = e^{- 2\alpha r}.$$which is equal to the probability density $\rho\left( y \right),$ we can easily calculate the theoretic quantities mentioned above. Where $a = \sqrt{- T}$ and $b = \frac{1}{2} + \frac{1}{2}\sqrt{\left( {1 + 2\ell} \right)^{2} + \frac{2\mu\left( C + B - A \right)}{\alpha^{2}\hslash^{2}}}$. Normalizing the radial wave function, we have$${\int\limits_{1}^{0}\left\lbrack {R_{n\ell}\left( y \right)} \right\rbrack^{2}}dy = 1,\mspace{9mu} y = e^{- 2\alpha}.$$

Substitute the value of $R_{n\ell}\left( y \right)$, Eqs. [(17)](#fd17){ref-type="disp-formula"} and [(18)](#fd18){ref-type="disp-formula"} after some simplifications turn to be$$\frac{N_{n\ell}^{2}}{4\alpha}{\int\limits_{- 1}^{1}\left( {1 - s} \right)^{u - 1}}\left( {1 + s} \right)^{\frac{1 + v}{2}}\left\lbrack {P_{n}^{({\text{u},\text{v}})}\left( s \right)} \right\rbrack^{2}ds = 1,$$where we have used: $2a = u,$ $b = v,$ $x = 1 - 2y$ and $\frac{1 + x}{2} = 1 - \left( \frac{1 - s}{2} \right).$ Using integral of the form given in [Eq. (20)](#fd20){ref-type="disp-formula"} below$${\int\limits_{- 1}^{1}\left( {1 - x} \right)^{t - 1}}\left( {1 + x} \right)^{k}\left\lbrack {P_{n}^{({\text{t},\text{k}})}\left( x \right)} \right\rbrack^{2}dx = \frac{2^{t + k}\Gamma\left( \text{t} + \text{n} + 1 \right)\Gamma\left( \text{k} + \text{n} + 1 \right)}{n!t\Gamma\left( t + k + n + 1 \right)},$$we have the normalization constant in [Eq. (19)](#fd19){ref-type="disp-formula"} as$$N_{n\ell} = 2\sqrt{\frac{\alpha n!\text{u}\text{Γ}\left( \frac{2u + v + 3 + 2n}{2} \right)}{2^{\frac{2U + v + 1}{2}}\Gamma\left( {u + n + 1} \right)\Gamma\left( \frac{v + 3 + 2n}{2} \right)}}.$$

[Eq. (21)](#fd21){ref-type="disp-formula"} gives the normalization constant.

2.3. Information energy {#sec2.3}
-----------------------

Information energy is defined as$$E\left( \rho \right) = 4\pi{\int\limits_{0}^{\infty}{\rho\left( r \right)}}dr.$$$$E\left( \rho \right) = 4\pi{\int\limits_{1}^{0}{\rho\left( y \right)}}dy.\ y = \exp\left( - 2\alpha r \right).$$$$E\left( \rho \right) = 4\pi{\int\limits_{- 1}^{1}{\rho\left( z \right)}}dz.\ z = 1 - 2y.$$

Substitute the value of the probability density, the information energy given in [Eq. (22)](#fd22){ref-type="disp-formula"} is simplified in Eqs. [(23)](#fd23){ref-type="disp-formula"} and [(24)](#fd24){ref-type="disp-formula"} to give$$E\left( \rho \right) = 4\pi N_{n\ell}^{2}{\int\limits_{- 1}^{1}\left( \frac{1 - z}{2} \right)^{u - 1}}\left( \frac{1 + z}{2} \right)^{\frac{1 + v}{2}}\left\lbrack {P_{n}^{({u,v})}\left( z \right)} \right\rbrack^{2}dz.$$

Using integral of the form given in [Eq. (26)](#fd26){ref-type="disp-formula"} below,$${\int\limits_{- 1}^{1}\left( \frac{1 - y}{2} \right)^{c}}\left( \frac{1 + y}{2} \right)^{d}\left\lbrack {P_{n}^{({u,v})}\left( y \right)} \right\rbrack^{2}dy = \frac{2\Gamma\left( c + n + 1 \right)\Gamma\left( d + n + 1 \right)}{n!\Gamma\left( \text{c} + d + 2\text{n} + 1 \right)\Gamma\left( \text{c} + d + n + 1 \right)},$$and the normalization constant calculated in [Eq. (21)](#fd21){ref-type="disp-formula"}, the information energy in [Eq. (25)](#fd25){ref-type="disp-formula"} turns to the form of [Eq. (27)](#fd27){ref-type="disp-formula"} below$$E\left( \rho \right) = \frac{100.544\alpha u\Gamma\left( u + n \right)}{2^{\frac{1 + v + 2u}{2}}\Gamma\left( {u + n + 1} \right)\Gamma\left( \frac{2u + 4n + v + 3}{2} \right)}.$$$$E\left( \rho \right) = \frac{221.68u\Gamma\left( u + n \right)}{2^{\frac{1 + v + 2u}{2}}\Gamma\left( {u + n + 1} \right)\Gamma\left( \frac{2u + 4n + v + 3}{2} \right)}.$$

[Eq. (28)](#fd28){ref-type="disp-formula"} is the information energy.

2.4. Tsallis entropy {#sec2.4}
--------------------

The Tsallis entropy is defined as$$T\left( q \right) = \frac{1}{q - 1}\left( {1 - 4\pi{\int\limits_{0}^{\infty}{\rho\left( r \right)^{q}}}dr} \right).\ q \neq 1$$

Substituting for the probability density into [Eq. (29)](#fd29){ref-type="disp-formula"}, we have$$T\left( q \right) = \frac{1}{q - 1}\left\lbrack {1 - 4\pi{\int\limits_{- 1}^{1}\left( {N_{n\ell}^{2}\left( \frac{1 - z}{2} \right)^{u - 1}\left( \frac{1 + z}{2} \right)^{\frac{1 + v}{2}}\left\lbrack {P_{n}^{({u,v})}\left( z \right)} \right\rbrack^{2}} \right)^{q}}dz} \right\rbrack,$$

Using integral of the form in [Eq. (26)](#fd26){ref-type="disp-formula"}, the Tsallis entropy in [Eq. (30)](#fd30){ref-type="disp-formula"} is obtain as$$T\left( q \right) = \frac{1}{q - 1} - \frac{12.568}{q - 1}\left( \frac{4\alpha u\Gamma\left( u + n \right)}{2^{\frac{1 + v + 2u}{2}}\Gamma\left( {u + n + 1} \right)\Gamma\left( \frac{2u + 4n + v + 3}{2} \right)} \right)^{q}.$$

Simplifying [Eq. (31)](#fd31){ref-type="disp-formula"}, we have$$T\left( q \right) = \frac{1}{q - 1} - \frac{12.568}{q - 1}\left( \frac{8.8192u\Gamma\left( u + n \right)}{2^{\frac{1 + v + 2u}{2}}\Gamma\left( {u + n + 1} \right)\Gamma\left( \frac{2u + 4n + v + 3}{2} \right)} \right)^{q}.$$

[Eq. (32)](#fd32){ref-type="disp-formula"} is the Tsallis entropy of the system.

2.5. Rényi entropy {#sec2.5}
------------------

The Rényi entropy is defined as$$R\left( q \right) = \frac{1}{1 - q}\log\ 4\ \pi{\int\limits_{0}^{\infty}{\rho\left( r \right)^{q}}}dr.\ q \neq 1$$

Substituting for the probability density into [Eq. (33)](#fd33){ref-type="disp-formula"}, we have$$R\left( q \right) = \frac{1}{1 - q}\log\ 4\ \pi{\int\limits_{- 1}^{1}\left( {N_{n\ell}^{2}\left( \frac{1 - z}{2} \right)^{u - 1}\left( \frac{1 + z}{2} \right)^{\frac{1 + v}{2}}\left\lbrack {P_{n}^{({u,v})}\left( z \right)} \right\rbrack^{2}} \right)^{q}}dz,$$

Substituting for the normalization constant with the integral in [Eq. (26)](#fd26){ref-type="disp-formula"} into [Eq. (34)](#fd34){ref-type="disp-formula"}, the Rényi entropy is obtain as$$R\left( q \right) = \frac{1.0993}{1 - q}\left( \frac{2^{\frac{5 - 2u - v}{2}}\alpha u\Gamma\left( u + n \right)}{\Gamma\left( {u + n + 1} \right)\Gamma\left( \frac{2u + 4n + v + 3}{2} \right)} \right)^{q}.$$

Simplifying [Eq. (35)](#fd35){ref-type="disp-formula"} a bit, we have$$R\left( q \right) = \frac{1.0993}{1 - q}\left( \frac{17.6384 \times 2^{- {(\frac{1 + 2u + v}{2})}}\alpha u\Gamma\left( u + n \right)}{\Gamma\left( {u + n + 1} \right)\Gamma\left( \frac{2u + 4n + v + 3}{2} \right)} \right)^{q}.$$

[Eq. (36)](#fd36){ref-type="disp-formula"} gives the Rẻnyie entropy of the system.

3. Discussion {#sec3}
=============

In [Fig. 1](#fig1){ref-type="fig"}, we plotted the approximate energy $E_{n,\ell}$ against the potential range $\alpha$ for four values of the quantum number $n.$ It is seen from the figure that as the potential range $\alpha$ increases, the approximate energy increases negatively. Similarly, the energy increases negatively as the quantum number $n$ increases. This implies that a particle subjected to this system is more attractive as it moves from the ground state level to the higher levels. [Fig. 2](#fig2){ref-type="fig"} shows the variation of the exact energy $E_{n}$ against the potential range. The effects observed in [Fig. 1](#fig1){ref-type="fig"} are also observed in [Fig. 2](#fig2){ref-type="fig"}. In Figs. [3](#fig3){ref-type="fig"}, [4](#fig4){ref-type="fig"}, and [5](#fig5){ref-type="fig"}, we plotted energy against each of the three potential strength. To achieve this, we ignore the relation given between $A,$ $B$ and $C$ in the text. It is observed that a particle under the influence of the Attractive potential exhibits the same behaviour as each of the potential strength increases respectively.Fig. 1Energy $E_{n\ell}$ against $\alpha$ for various $n$ with $\ell = \mu = \hslash = 1$ and $\lambda = 6.$Fig. 1Fig. 2Energy $E_{n\ell}$ against $\alpha$ for various $n$ with $\ell = 0,$$\mu = \hslash = 1$ and $\lambda = 6.$Fig. 2Fig. 3Energy $E_{n\ell}$ against $A$ for various $n$ with $B = 3,$$B = 2,$$\ell = \mu = \hslash = 1,$ and $\lambda = 0.$Fig. 3Fig. 4Energy $E_{n\ell}$ against $B$ for various $n$ with $A = 6,$$C = A - 3,$$\ell = \mu = \hslash = 1$ and $\lambda = 0$.Fig. 4Fig. 5Energy $E_{n\ell}$ against $C$ for various $n$ with $A = 3,$$B = A - 1,$$\ell = \mu = \hslash = 1$ and $\lambda = 0.$Fig. 5

Special cases of the Attractive potential were considered.

Case 1: $\lambda = 8.$ In this case, $B = 0$ and the potential (1) reduces to$$V\left( r \right) = \frac{A\left( \text{e}^{- 4\alpha r} - 4 \right)}{\left( {1 - \text{e}^{- 2\alpha r}} \right)^{2}},$$

Replacing [Eq. (1)](#fd1){ref-type="disp-formula"} with [(37)](#fd37){ref-type="disp-formula"}, the energy [Eq. (15)](#fd15){ref-type="disp-formula"} becomes$$E_{n\ell} = - 4A - \frac{2\alpha^{2}\hslash^{2}}{\mu}\left\lbrack \frac{n\left( n + 1 \right) + \ell\left( \ell + 1 \right) + \frac{1}{2}\left( {1 - \frac{8\mu A}{\alpha^{2}\hslash^{2}}} \right) + \left( {n + \frac{1}{2}} \right)\sqrt{\left( {1 + 2\ell} \right)^{2} - \frac{10\mu A}{\alpha^{2}\hslash^{2}}}}{1 + 2n + \sqrt{\left( {1 + 2\ell} \right)^{2} - \frac{10\mu A}{\alpha^{2}\hslash^{2}}}} \right\rbrack^{2}.$$

[Eq. (38)](#fd38){ref-type="disp-formula"} is the energy equation for [Eq. (37)](#fd37){ref-type="disp-formula"}.

Case 2: $\lambda = 4.$ In this case, $C = 0$ and the Attractive potential reduces to$$V\left( r \right) = \frac{A\left( {\text{e}^{- 2\alpha r} - 4} \right)\text{e}^{- 2\alpha r}}{\left( {1 - \text{e}^{- 2\alpha r}} \right)^{2}},$$and the energy equation becomes$$E_{n\ell} = - \frac{2\alpha^{2}\hslash^{2}}{\mu}\left\lbrack \frac{n\left( n + 1 \right) + \ell\left( \ell + 1 \right) + \frac{1}{2}\left( {1 - \frac{4\mu A}{\alpha^{2}\hslash^{2}}} \right) + \left( {n + \frac{1}{2}} \right)\sqrt{\left( {1 + 2\ell} \right)^{2} - \frac{10\mu A}{\alpha^{2}\hslash^{2}}}}{1 + 2n + \sqrt{\left( {1 + 2\ell} \right)^{2} - \frac{10\mu A}{\alpha^{2}\hslash^{2}}}} \right\rbrack^{2}.$$

[Eq. (40)](#fd40){ref-type="disp-formula"} is the energy equation for [Eq. (39)](#fd39){ref-type="disp-formula"}.

Case 3. A situation where the relation between the potential strengths is neglected when $B = 0,$ as the$$\lim\limits_{C\rightarrow 0}V\left( r \right) = \frac{Ae^{- 2\alpha r}}{\left( {1 - e^{- 2\alpha r}} \right)^{2}},$$whose energy equation is given as$$E_{n\ell} = - \frac{\alpha^{2}\hslash^{2}}{2\mu}\left\lbrack \frac{\left\lbrack {n + \frac{1}{2} + \frac{1}{2}\sqrt{\left( {1 + 2\ell} \right)^{2} + \frac{8\mu A}{\alpha^{2}\hslash^{2}}}} \right\rbrack^{2} - \frac{2\mu A}{\alpha^{2}\hslash^{2}}}{n + \frac{1}{2} + \frac{1}{2}\sqrt{\left( {1 + 2\ell} \right)^{2} + \frac{8\mu A}{\alpha^{2}\hslash^{2}}}} \right\rbrack^{2}.$$

[Eq. (42)](#fd42){ref-type="disp-formula"} is the energy equation for [Eq. (41)](#fd41){ref-type="disp-formula"}. [Eq. (42)](#fd42){ref-type="disp-formula"} is equivalent to the solutions of the inversely quadratic Yukawa potential which has application in various areas of physics.

[Table 1](#tbl1){ref-type="table"} shows the numerical results for the Attractive potential with three values of the potential range $\alpha$ following the condition $4 < \lambda < 8$ and $\alpha > \frac{1}{2}.$ We have taken the value of $\lambda = 5,6$ and 7 respectively with $\alpha = 0.55,$ $0.65$ and $0.75$ for 2p, 3p, 3d, 4p, 4d, 4f, 5p, 5d, 5f, 5g, 6p, 6d, 6f and 6g states. As it can be seen from [Table 1](#tbl1){ref-type="table"}, the energy decreases as $\lambda$ increases. Similarly, the energy decreases as the potential range increases.Table 1Energy spectral $- E_{n\ell}$ for Attractive potential for three values of $\lambda$ with $\mu = \hslash = \text{1}.$Table 1State$\mathbf{\alpha}$$\mathbf{\lambda} = 7$$\mathbf{\lambda} = 6$$\mathbf{\lambda} = 5$2p0.550.63065170.59058820.55202540.650.88082750.82487120.7710100.751.17269941.09820131.02649363p0.551.31699161.27825881.24013880.651.83943461.78533591.73209470.752.44895132.37692652.30604323d0.551.39971091.36103871.32293960.651.95496811.90095491.84774210.752.60276822.53085272.46001174p0.552.30704062.26873052.23075210.653.22223023.16872273.11567860.754.28995154.21871374.14809284d0.552.41913702.38085152.34288140.653.37879463.32532153.27228890.754.49839524.42720324.35659764f0.552.46365602.42537962.38741250.653.44097403.38751373.33448520.754.58117854.51000344.43940345p0.553.59990513.56178163.52386555d0.553.74134643.70323523.66532315f0.553.79731723.75921053.72130005g0.553.82777193.78966773.75175806p0.555.19538735.15736225.11947886d0.555.36616405.32814595.29026496f0.555.43358325.39556765.35768756g0.555.47023025.43221615.3943364

This means that our choice of approximation is vallid for a small value of the potential range. In [Table 2](#tbl2){ref-type="table"}, we put $B$ and $C$ respectively to zero. The result obtained by putting them to zero is in fair agreement with the result of the Attractive potential. Thus, the result obtained for ($A$ and $B \neq 0$) = ($A$ and $C \neq 0$) = ($A,$ $B$ and $C \neq 0$).Table 2Energy spectral $- E_{n\ell}$ for Attractive potential and its special cases with $\mu = \hslash = \text{1}.$Table 2State$\mathbf{\alpha}$$\mathbf{\lambda} = 8$$B = 0$$\mathbf{\lambda} = 6$$\mathbf{\lambda} = 4$$C = 0$2p0.550.67221570.59058820.51496320.650.93887980.82487120.71924620.751.24998781.09820130.95757633p0.551.35633881.27825821.20263320.651.89439061.78533591.67971090.752.52211762.37692652.23630153d0.551.43895631.36103871.28541370.652.00978191.90095491.79532990.752.67574512.53085272.39023204p0.552.34568242.26873052.19310550.653.27620103.16872273.06309770.754.36180604.21871374.07808874d0.552.45773782.38085152.30522650.653.43270813.32532153.21969650.754.57017354.42720324.28657824f0.552.50224162.42537962.34975460.653.49486633.38751373.28188870.754.65292854.51000344.36937845p0.553.63823593.56178163.48615665d0.553.77965683.70323523.62761025f0.553.83561993.75921053.68358555g0.553.86607063.78966773.71404276p0.555.23355415.15736225.08173726d0.555.40431935.32814595.25252096f0.555.47173405.39556765.31994266g0.555.50837875.43221615.3565911

4. Conclusion {#sec4}
=============

The $\ell -$state solutions of the Schrödinger equation with Attractive potential is obtained via a straightforward technique and an acceptable approximation scheme to the centrifugal term. The energy eigenvalues and the corresponding eigenfunctions are reported in terms of the Jacobi polynomial. It has been observed that the energy eigenvalues numerically obtained for the special cases of the Attractive potential are equivalent to the energy obtained for the real Attractive potential. However, the energy is highly sensitive to the potential strengths and the potential range. In a closed form, we have obtained equivalent energy for inversely quadratic Yukawa potential with various applications in physics. The information energy, Rẻnyi and Tsallis entropies were calculated. These are useful in information theoretic proof of the Central limit theory.

Declarations {#sec5}
============

Author contribution statement {#sec5.1}
-----------------------------

C.A. Onate: Conceived and designed the analysis; Analyzed and interpreted the data; Wrote the paper.

O. Adebimpe, A.F. Lukman, I.J. Adama, J.O. Okoro, E.O. Davids: Analyzed and interpreted the data; Wrote the paper.

Funding statement {#sec5.2}
-----------------

This work was supported by Landmark University.

Competing interest statement {#sec5.3}
----------------------------

The authors declare no conflict of interest.

Additional information {#sec5.4}
----------------------

No additional information is available for this paper.
